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DEGENERATE DAEHEE POLYNOMIALS OF THE SECOND
KIND

DAE SAN KIM, TAEKYUN KIM, HYUCK-IN KWON, AND GWAN-WOO JANG

ABSTRACT. In this paper, we consider the degenerate Dachee numbers and
polynomials of the second kind which are different from the previously
introduced degenerate Daehee numbers and polynomials. We investigate
some properties of these numbers and polynomials. In addition, we give
some new identities and relations between the Daehee polynomials of the
second kind and Carlitz’s degenerate Bernoulli polynomials.

1. Introduction

As is well known, the Bernoulli polynomials are defined by the generating
function

t ) et tn
ﬁe“ => By(z) . (see [1,20]). (1.1)
n=0
When z =0, B, = B,(0) are called the Bernoulli numbers.
In [3], L.Carlitz considered the degenerate Bernoulli polynomials given by

t’n
n!

t
(14 At)> —1
When = =0, 8,1 = Bn.2(0) are called the degenerate Bernoulli numbers.

The falling factorial sequence is given by

(2)o=1, @)p=2(z-1)---(x—n+1), (n>1). (1.3)

L+ X)X = Ban(@)—, (VER). (1.2)

n=0

The stirling numbers of the first kind are defined by

(@)n = EL: Si(n,D)z!, (n>0), (see[6,7,8,13,20]). (1.4)
=0
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It is well known that the stirling numbers of the second kind are defined as

"t = isg(n, D(z), (n>0), (see]6,12,20]).
1=0

From (1.1) and (1.2), we note that

t" t x
1 = lim —— (1 X
Z,\IL%'B")‘ n! A%(1+)\t)% (L+ )2 15)
— t xt - B tn .
7etf16 —Z n(l’)m
n=0
Thus, by (1.5), we get
lim 5,7 (x) = Ba(x), (n>0). (16)

The A-analogue of falling factorial sequence is defined by L.Carlitz as follows:
(@)or =1, (@)pr=a(@—A) - (x—(n—1)A), (n>1), (see[3]). (1.7)
By(1.2), we get

;)ﬁm tn <g)\m3m(x)(log(1;,\t)) )(k)g l)\—ti—)\t)>
_ ( mj; me(mgnsl(k, >AZ’fk) (gbl *;fl) N
_ (g‘a(n;wml? (at)Sl(k,m))Z!) gbﬂ;m

n

_ i (Z i <Z) A"‘mBm(m)Sl(k,m)bn_k> i—,

k=0 m=0

Here b, (n > 0), are the Bernoulli numbers of the second kind given by the
generating function

log Z: —  (see [1,20]). (1.9)
From (1.8), we note that
Bz Z Z < )A"_mBm(m)Sl(k,m)bn_k. (1.10)

k=0m=0
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The Dachee polynomials are defined by
log(1 +t) R tn
— 1+t = Zopn(x)a, (see [10,21 — 23]). (1.11)

When z =0, D,, = D,,(0) are called the Dachee numbers.
From (1.1) and (1.11), we have

Z Bn(x)% = Z D,, i' -1
t’ﬂ
Z Dy, (z) Z Sa(n,m)— (1.12)

n=m

Z(ZSznm ))’;Z

n=0

Comparing the coefficients on both sides of (1.12), we have

x) = Z Sa(n,m)Dy,(z), (n>10), (see[4,6,12]). (1.13)

m=0

The degenerate Daehee numbers are given by the generating function

Aog (1+ flog(1+At)) X~ t"
ogll T 7 = Z:% Dy (see [14]). (1.14)

Recently, many authors have studied the Daehee numbers and polynomials
and the degenerate Daechee numbers and polynomials (see [2-19,21-23]).
In this paper, we consider the degenerate Daehee numbers and polynomials of the
second kind which are different from the previous introduced degenerate Dachee
numbers and polynomials. We investigate some properties of these numbers and
polynomials. In addition, we give some new identities and relations between
the Daehee polynomials of the second kind and Carlitz’s degenerate Bernoulli
polynomials.

2. Degenerate Daehee polynomials

For )\ € R, we consider the degenerate Daechee polynomials of the second kind
given by the generating function

log(1 + t) R S N
(1+>\log(1+t))§_1( +Alog(1 +1)) ; A (@) (2.1)

When z = 0, D, » = D, »(0) are called the degenerate Dachee numbers of the
second kind.
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Note that
= log(1 +t N
lim Dy, »(z)— = lim og(1 +1) T (1+ Alog(1+1))*
0 —0 n A—0 (1 + /\log(l +t)) X1 (2 2)
log(1 + 1) — tn '
= ———(1+t)"= ;)Dn(w)m-
Thus, by (2.2), we get
lim D,, x(z) = Dyp(x), (n>0).
A—0
From (1.2), we note that
og(1 +) —— (14 Alog(1 +1¢)*
(1+Alog(141))* —1
[e%s) 1 .
= Z ‘BmﬁA(x)W(log(l + 1))
m=0 ’
2.3
o0 o0 i (2.3)
=D Bmal@) Y Si(n,m)—
m=0 n=m :
oo n m
— Z ( 67n,)\(x)51(n,m))ﬁ.
n=0 m=0 :

Therefore, by (2.1) and (2.3), we obtain the following theorem.

Theorem 2.1. Forn >0, we have

Dn,A(x) = Z 5m,>\(x)‘5’1(nvm)'

m=0
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‘We observe that

log(1+1t) 1 (1+ Xlog(1+1))
(14 Mog(1 +1))* — 1

>8

0 k
D (@) Zsl(kvw%) (2.4)

Therefore, by (2.1) and (2.4), we obtain the following theorem.

Theorem 2.2. Forn > 0, we have

Dor(a :Zi() JiaS1(k ) Do,

k=0 I=

By replacing t by et — 1 in (2.1), we get

= 1 t .
D, (x —et—lmzi1 14+ X)>
Z Mol (e =) (1+)\t)X—l( )
(2.5)
tn
= Z ﬁn )\
On the other hand,
ZDm)\ —'e—l) Z m)\ ZSgnm
m (2.6)
t’(l
= ( Dm /\ SQ(’H,’I’R)) ﬁ

Therefore, by (2.5) and (2.6), we obtain the following theorem.

Theorem 2.3. Forn > 0, we have

ﬁn)\ ZDm)\ Sgnm)

m=0
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By (2.1), we get

log(1 ZD,M (1+)\log(1+t))% 1)
_ LY (14 Alog(1 + 1) ZDM—
(1+Xlog(1+1))* —1 n=0
et tn
=> (Dnn(1) - Dup) -

n=0
On the other hand

- (_1)77.—1 n
log(1+1t) = Z Tt .
n=1

Therefore, by (2.7) and (2.8), we obtain the following theorem.

Theorem 2.4. For n > 0, we have

{07 ifn =0,

Dy (1) = Dy x = (1) Y(n—1), ifn>1.

)

From (2.1), we have

log(1 E3
og(L+1) —— (1 + Alog(1 +1¢))*
(1+ Alog(1+1))* —1
-1
og(1+1) — Z(l+)\log(l+t)) X
(1 + Alog(1+¢))* —1a=0

da
2(dlog(1+1t)) -1 a=o

d—1
((1 dlog(1 +1t) )Z(1+%(dlog(l+t)) R
_l’_
d—1

1 = a+x\ 1
S22 ( (1108014

1 d—1 oo 0 s n
=3 Z_:f na (Ta) Z sty

ata

(2.7)

(2.9)
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By (2.1) and (2.9), we get the following theorem.
Theorem 2.5. Ford € N and n > 0, we have

" 1 el a+x
0= 3 sinm Y by (0.

m=0 a=0
On the one hand, we have

n—1

log(1 +1) Z (1+ Alog(1+1))
1=0

>~

log(1 +¢ n log(1+¢
= og(1+1) —— (14 Alog(L +t))* — og(1 +1) —
(1+Alog(1+1))* —1 (1—1-/\10g(1—|-t))A 1
_ z : - z : m+1)\ m+1,A v
- m=0 {Dm’)\(n) m)\} tm 0{ m+ 1 } m'
(2.10)

On the other hand, we have

n—1 n—1
i log(1 +t) Iy
log(1+1) > (14 Alog(1L +1))~ = t(og(%) > : (1+ Alog(1 +£)) ¥
’ I=

=t (Z D%) D (Z(m Aslm,k)) 2,
p=0 7i=0 \k=0
:tz ZZ<]>()/€>\SI(]7 )Dm j W

(2.11)
Therefore, by (2.10) and (2.11), we obtain the following theorem.
Theorem 2.6. Forn € N, m > 0, we have

m
1

m—H (Dm—i-l,)\(n) - m+1 )\ Z Z < ) k, )\Sl j, k)Dm,j.

7=0 k=0

For r € N, we define the higher-order degenerate Daehee polynomials of the
second kind given by the generating function

T

log(1 + ¢ 2w §
(1+Alog(1+)* —1 n=0 v
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When z = 0, D(Tz\ = D(T) A (0) are called the higher-order degenerate Dachee
numbers of the second klnd
From (2.12), we note that

r

(1+ Alog(1 +1))*

o0

r : log(1+1¢
hmD()( ) 'fhm og(1 +1)
n=0"""° ne AT (14 Mog(L + 1))

- (M) aror =X ol

where fo)(z) are called the higher-order Daehee polynomials.
As is well known, the higher-order degenerate Bernoulli polynomials are con-
sidered by L. Carlitz as follows:

>|=

-1

(W) (L+ )3 :Z (@ )n, (2.13)

n=0

Note that limy_, ﬁr(g(m) = B{" (x), (n > 0), where B,(lr)(x) are the higher-order
Bernoulli polynomials.
From (2.12), we note that

T

log(1 +t)
(1 + Alog(1 + t))

r t
= Z d,(n)/\ log(l + t)) Z BS,Z)A Z S1(n,m) p} (2.14)

m=0 m=0
Z(Zﬁ S1nm)%.

Thus, by (2.13) and (2.14), we obtain the following theorem.

>|8

(1+ Alog(1 +1))

>l

-1

Theorem 2.7. For n > 0, we have
D(T) Z B ASi(n,m)
m=0

By replacing ¢ by e — 1 in (2.12), we get
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0 P
32 D@ g 1y L) s
) -

(2.15)

n

(1+>\t%
i t

On the other hand,

ZSgnm

e (2.16)

n

t
(ZDm)\ SQTL'I’TL)) E

Therefore, by (2.15) and (2.16), we obtain the following theorem.

ZD —'e—l)

||M8 ﬁMg

Theorem 2.8. For n > 0, we have

(r) Z Df;)/\ )Sa(n, m).

m )\

For r,k € N, with r > k, by (2.12), we get

r

log(1 + 1) — (1+)\log(1+t))§
(I1+Alog(1+1))* -1
r—k k
_ log(1+1t) i log(1+1t) ] (14 Mog(1 + t))%
+ Alog(1 th))* (1+Xlog(1+1))* —1

Ay DM D) "
42(2 DY, (o >) "
=0 \i=0
(2.17)
Therefore, by (2.12) and (2.17), we obtain the following theorem.

Theorem 2.9. Forr,k € N, with r > k, we have

r " n r—k k
DI(L))\(:E) = Z <l>Dl(,)\ )D'Elf)l,/\(x)’ (n 2 0)
=0
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It is well known that

k [e%}
t t’ll
— ) 1+t = B—k+1) LeZ .

where By(,a)(m) are called the higher-order Bernoulli polynomials which are given
by the generating function

t )" et = ™ gl g
xt __
<et — 1) e’ = ZBn"‘ (m)m

n=0
Thus, by (2.18), we get

T

log(1 +1) (1+ Aog(1+t ))§
(1+Xlog(1+1t))* —1

>

-

>|=

(1+)\log 1—|—t)
1

Alog(1 +t) )T
1 log (14 Alog( +t)) ))

1+ Alog(1+1))*
( + Alog( +t)) <log(1+)\10g(1+t

(i Bt x+1)n1% ((1+)\log(1+t))%—1)m>

m=0

Alog(1 +1) "
~ <log(l+)\log(1+t))> ’

(2.19)
From (2.18), we note that
Mog1 0\ ey L j
=) By 1)\ (log(1
<10g(1+)\log(1+t))> g ;T (Mg (log(1+1))
(2.20)

tl

0 l
=X (XS | 5
1=0 \j=0 ’

As is known, the degenerate Stirling numbers of the second kind are defined
by the generating function

1 1 nL
— —((L+ )% —1 ZSgknm (2.21)

where m € N with m > 0, (see [7]).
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Note that limy_.g Sz x(n,m) = Sa(n,m), (n,m > 0). Also, we note that

iB’"*T“ (+1)— ! ((1+)\log( ))%—1)m

m=0

oo fo%s) 1
= Y B @ 1) 7 Saa(kem) p(log(1+ 1)"

m=0 k=m
k

. » (2.22)
§ : (m4+r+1) . 2 : v
Bm (.’E + 1)52,)\(k7 m)) = Sl(p? k)p|

o0

m=0

B
II

=
oS

tP

o0 P k
= Z {Z Z ngrl+r+1)(x + 1)52’)\(k,m)S1 (p, k)} p! .
(

k
2.20), and (2.22), we have

( log(iﬂ) " (1+ Alog(1 + 1) *

{i zkj BT (@ + 1) Sz (k,m) 1 (p, k)} %)

(3 (ZB](J""“)( NS (1, ])) Ej)

D09 9 3p o (ECEUENE R INENERETS

(2.23)
Therefore, by (2.12) and (2.23), we get the following result.

Theorem 2.10. For n >0, we have

P k n—p

D () ZZ S ( > B+ (2 4+ 1)BY Y ()N Sg 5 (k, )

p=0k=0m=0 j=0
x S1(p, k)S1(n — p, j).

From (2.12), we note that
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+
_I_
o0 ! 50 k .

Thus, by (2.12) and (2.24), we get the next theorem.

Theorem 2.11. For n > 0, we have

1+1) T ) (1+/\log(1+t))#
( +)\10g(l+t))*—l
k

) ()" ") (2.2
Dl,\ l_ Z( JmAS1(k,m) %l (2.25)
k=0 \m=0

i::( Z < > ff)k )y )77L,>\Sl(k7m)> Z—n'

k=0 m=0

Thus, by (2.25), we get

k
ZSCESIED DY (Z) DY @) @)maSilkm).  (226)

From (2.18), we note that
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(1+)\log(l+t))%fl t 1 1 r
log(1 +t) <log t)> trr! <(1 + Alog(1 +1)) 1)

~

:—(ZSQAlrl(log(l-i-t)))
(Z Sox(l+r, T)ﬁ(log(l +t))l+r>
[ tF
t—(Z(ZSgAH-rr)Sl(kl—l—r)) E)
> kS (I+rr)Sy(k+rl+7)\ tF
) (S (== )

k=0 \Il=0 k

[e'e) n k n
7 t"
AP 15-’“3 Soal . r)Sulk 4 04 B ’"+1><1>}m.
n=0 k=0 1=0 ( k ) !
(2.27)
On the other hand,
1 r
1+ Alog(l+t))> —1 o i
( og(1 +1)) -3 '(M)H‘ (2.28)

log(1 +1t) o

Therefore, by (2.27) and (2.28), we obtain the following theorem.

Theorem 2.12. Forn >0, r € N, we have

n k n
D=5 W (L +7,7)S1(k + 7,1+ r)B"FD 1),
k=0 =0
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